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INTUITION OF EM

Let’s say I have 3 coins in my pocket,

Coin 0 has probability A of heads

Coin 1 has probability p, of heads

Coin 2 has probability p, of heads Guess what are the
For each trial: estimated values of A,p1,p,?

First, I toss Coin O

If coin O turns up heads, I toss coin 1 thre¢ times

If coin O turns up tails, I toss coin 2 three/times

I don’t tell you the results of the coin 0 tgss, or whether coin
1 or coin 2 was tossed, but I tell you how many heads/tails
are seen after each trial

* You see the following sequence:
(H, H, H), (T, T, T), (H, H, H), (T, T, T), (H, H, H)



MAXIMAL LIKELIHOOD KESTIMATE

Data points x4, x5, ..., X, from (finite or countable)
set X (x; 1s a triplet of three tosses)

Parameter vector 6

Parameter space ()

We have a distribution P(x | 8) for any 8 € (, such

that
z P(x|6)=1

XEX
P(x |0)=0,vx

Assume data points are drawn independently and
identically distributed from a distribution P(x | 8%)
for some 0™ € ()



LOG LIKELIHOOD

Probability distribution P (x | ) for any 6 € Q
Likelihood of 6:

n
Likelihood(0) = P(xq, X5, ..., X, | ) = HP(xi | )

1=1

Log likelihood of 6:

L(O) = zlogP(xil 9)
i=1



EXAMPLE 1: COIN TOSSING
X ={H,T}. Our data set x4, x,, ..., X, 1S a sequence
of heads and tails, e.g.,
HTHTHHHHTTT

Parameter vector 6 is a single parameter, 1.e.
probability of coin showing heads

Parameter space Q = [0, 1]

Qif x=H

Distribution P(x|8) = {1 0 if T



EXAMPLE 2: MARKOV CHAINS

X 1s the set of all possible state (or tag) sequences
generated by an underlying generative process.

Our sample 1s n sequences X4, X5, ..., X;;, Where X; €
X.

O+ 1s the vector of all transition (s; — Sj)

parameters. W.L.O.G., we assume there 1s a
dummy start state ¢ and 1nitial transtion ¢ — s4

Let T(a) c T be all transtion of the form a —» f8

Q is the set of 8 € [0,1]!S*15] where S is the set of
all states (tags), such that:

Va € S, 2 Ht =1
teT ()



EXAMPLE 2: MARKOV CHAINS

Since 07 1s the vector of all transtion parameters
We have:

P(X |9T) _ 1_[ HtCm,mt(X,t)

teT

where Count(X, t) 1s the number of times transition ¢
occures iIn sequence X.

This gives:

log(P(X|07) = 2 Count(X,t)log6;
teT

L(Br) = 2 log P(X;| 87) = 2 z Count (X,t) log 6;

[ teT



MLE FOR MARKOV CHAINS

We use 6 for 6, for simplicity

To solve for 0y = arg max L(6O)

We solve 6 1n

dL(6)
06
with appropritate probability constraints
Therefore:
Y. Count(X,, t)
0, ’

22 vera Count(X;, )

where ¢ 1s a transition of the form a — S for some S,
T () 1s all the transitions originating from «.



MODELS WITH HIDDEN VARIABLES

Suppose we have two sets X and Y, and a joint distribution
P(x,y|6)

If we have fully-observable data, (x;, y;) pairs, then
L(O) = z log P(x;,yi | 0)
i

If we have partially-observable data, x; examples only,
then

L(O) = Z log P(x; | )

=ilogz P(x;,y16)

L yEY
This 1s , very similar to

We will use an interative algorithm to infer 6 like k-means



EXPECTATION-MAXIMILATION

If we have partially-observable data, x;
examples only, then

L(®) = ) log ) P(x;y|6)
i yey

The EM (Expectation Maximization) algorthm is a
method for finding



THREE COINS EXAMPLE

In the three-coin example:
Y = {H, T} (possible outcomes of coin 0)
X ={HHH,TTT,HTT,THH,HHT,TTH,HTH, THT}

0 = {4, p1, P2}
And P(x,y | 0) =P(y | 0) P(x | y,0)
where
P(y|9)={ /l?fy=H h is num of heads in x
1—Aify =T/ t is num of tails in x
and

h t:

py d—=p)ify=H
P(x|y,0)=14", .

p, 1 =p)ify=T



THREE COINS EXAMPLE

one H and two T

Calculate various probabW from THT

P(x = THT,y = H|0) = ip,(1 — p,)?
P(x=THT,y =T|0) = (1 — )p,(1 — py)*

P(x=THT|0) = P(x=THT,y=H|0)+ P(x =THT,y =T|0)
=ipi(1 = p))* + (1 = Hpy,(1 = py)*

Px=THT,y=H|0
P(y = H|x =THT,0) = b 4 19) (Bayes rule)
P(x = THT|6)

_ Ap,(1 —P1)2
Ap1(1 —p1)? + (1 — A)py(1 — py)?




THREE COINS EXAMPLE

Suppose fully observed data looks like:
(HHH),H),(TTT),T), {(HHH),H), (TTT),T), (HHH ), H)

In this case, the maximum likelihood estimates of
the parameters are:



THREE COINS EXAMPLE

Partial observed data might look like:
(HHH),(TTT),(HHH),{TTT), (HHH)

How do you estimate the MLE parameters?



THREE COINS EXAMPLE
Partial observed data might look like:
(HHH),(TTT),(HHH),{TTT), (HHH)

If the current parameters are A, py, p,

P(y = H|x = (HHH)) = P(HHH),H)

P((HHH),H)+ P((HHH), T)
— /ﬁﬁ ﬂ
ipt + (1 —A)p;
P(TTT),H)
P(TTT),H) + PTTT),T)
_ A1 —py)’
A1 =p)+ 1 =1 =py°

P(y = H|x = (TTT)) =




THREE COINS EXAMPLE

If the current parameters are A, py, p,
P((HHH), H)

P(y = H|x = (HHH)) = P((HHH), H) + P(HHH), T)

B Api

ApP + (1 - A)p3
P{TTT),H)

P{TTT),H) + P{TTT),T)

~ A1 —py)?

M1 =p B+ (1= A1 —py)3

P(y=H|x =(TTT)) =

If A:O.S, D1 = 03, Dy = 0.6
P(y = H| x = (HHHY)) = 0.0508
P(y = H| x = (TTT)) = 0.6967



THREE COINS EXAMPLE

o After filling in hidden variables for each example,
the partially observed data looks like this:

((HHH), 1/) Py =H
((HEHH),T) P(y=T
({rTT),H) P(y=H
((TTT).T) Ply=T
((HHE),H) Ply—H
((uEH),T)  Ply=T
((TTT),H) P(y=H

((rr). T Plh=7T
((HHH),H) P(y=H
((HHH),T) P(y=T

HHH}_HIf.Il\
HHH) = 0.9492 }
TTT) = 0.6967 }
TTT) = 0.3033
HHH) = 0.0508
HHH):H'MH
TTT) = 0.6967
TTT) = 0.3033 }
HHH) = 0.0508
HHH) = 0.9492 }

sum to 1
sum to 1
sum to 1

sum to 1

sum to 1 Q




THREE COINS EXAMPLE

o New estimates: (HHH),({TTT), (HHH),(TTT), (HHH)

((HHH), ) Py = H | HHH) = 0.0508
((HHH),T) Py =T | HHE)'= 0.9492
({(TTT), H) P(y=H|TTT) = 0.6967

((TTT),7’,) P/(y—/{ TTT) >10.3033

9 . K SO0 out of 5 coin O tosses
= S % BAE 4: ehdiasicais = 0.3092 | how may are heads?

how many A

heads in X;¢ 5

4 
Nxfgxo.ososwwxo.egm_00%7
Pl = 3300508 +3 x 2 x 06967

3x3x0049270x2x 03038
P2 = 3% 00492+ 3x 2 x03033 e




SUMMARY OF THREE COINS EXAMPLE
Begins with 1=0.3, p; = 0.3, p, = 0.6

Fill in hidden variables using:
P(y=H|x=(HHH))=0.0508
Ply=H|x=(ITT))=0.6967

Re-estimate parameters to be

1=0.3092, p, = 0.0987, p, = 0.8244



EM INTERATIONS
P(y=H|X)

\
[ \

[ Tteration A P 2 | m P2 Ps P4 Ps

0 0.3000 | 0.3000 | 0.6000 || 0.0508 | 0.6967 | 0.0508 | 0.6967 | 0.0508

03092 | 0.0987 | 0.8244 || 0.0008 | 0.9837 | 0.0008 | 0.9837 | 0.0008

0.3940 | 0.0012 | 09893 || 0.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000

Wil I -

0.4000 | 0.0000 | 1.0000 f| 0.0000 [ 1.0000 | 0.0000 | 1.0000 | 0.0000

o Coin example for {{HHH), (TTT), (HHH), (TTT), (HHH)}

o A1s now 0.4, indicating that coin 0 has a probability
0.4 of selecting the tail-biased coin (coin 1)

0 6 (parameters) are like the cluster centers in k-means




EM INTERATIONS

Iteration A P P2 i P fis Pia
0 03000 | 03000 | 06000 (| 0.0508 | 0.6967 | 0.0508 | 0.69567
1 03738 | 00680 | 07578 || 00004 | 09714 [ 00004 | 09714
2 04859 | 0.0004 [ 09722 || 0.0000 | 1.0000 | 0.0000 | 1.0000
3 05000 | 00000 [ 1.0000 || 0.0000 | 1.0000 | 0.0000 | 1.0000

Coin example for x = {{HHH), (TTT), (HHH), (TTT)}.

This solution of A = 0.5,p; = 0,and p, = 11s
intuitively correct: the coin tosser has two coins,
one which always shows heads, and another which
always shows tails, and 1s picking between them
with equal probability .

Posterior probabilities p; show that we are certain
that coin 1 (tail-biased) generate x, and x,,
whereas coin 2 generated x; and xs.




INITIALIZATION MATTERS

Iteration A P1 Ps
0 0.3000 | 0.7000 0.3000
1 0.3000 | 0.5000 | 0.3000
2 0.3000 | 0.5000 0.3000
3 0.3000 | 0.5000 03000 |
< 0.3000 | 0.5000 0.3000
5 0.3000 | 0.5000 0.3000
6 0.3000 | 0.5000 0.3000

o Coin example for x = {{HHH), {TTT), (HHH), (TTT)}.

o In this case, EM is stuck 1n a “saddle point”, or
local optimal.




INTIALIZATION MATTERS

[ Tteration A P p2_ [ m P2 Ps P4
0 0.3000 | 0.7001 | 0.7000 || 0.3001 | 0.2998 | 0.300 0.2008
1 0.2900 | 0.5003 | 0.4999 || 0.3004 | 0.2995 | 0.3004 | 0.2995
2 0.2000 | 0.5008 | 0.4997 || 0.3013 | 0.2986 | 0.3013 | 0.2986
3 0.2000 | 0.5023 | 0.4990 || 0.3040 | 0.2959 | 0.3040 | 0.2059
4 03000 | 0.5068 | 04971 || 0.3122 | 0.2879 | 03122 | 0.2879
5 03000 | 05202 | 04913 || 03373 | 0.2645 | 03373 | 0.2645
6 03009 | 05605 | 04740 || 0.4157 | 0.2007 | 0.4157 | 0.2007
7 03082 | 06744 | 04223 || 06447 | 00739 | 06447 | 0.0739
8 03593 | 08972 | 02773 || 09500 | 0.0016 | 09500 | 0.0016
“ 04758 | 09983 | 0.0477 || 0.9999 | 0.0000 | 0.9999 | 0.0000
10 0.49990 | 1.0000 | 00001 || 1.0000 | 0.0000 | 1.0000 | 0.0000
11 0.5000 | 1.0000 | 0.0000 || 1.0000 ( 0.0000 | 1.0000 | 0.0000

Coin example for x = {(HHH),(TTT), (HHH),(TTT)}.

o Just modify p; a bit, EM is able to skip the saddle

point and reach global optimum.




THE EM ALGORTHM

0t is the parameter vector at the ¢th iteration.

Choose 0° at random (or using some smart
heuristics)

Iterative procedure defined as:

0" = arg max Q(0, 6" 1)
0

where

06,6 =) ) Pylx,6") log P(x,y|6)
i YEY



THE EM ALGORITHM

Count(r) = Z Z P(y|x, 01 Count(x,y,r)

=1 vy
for every paramter 9,, e.g.,

Count(DT — NN) = P(S| 0,01 Count(0,,S, 0pr_n)
I NN

.8 9 _ Count(DT — NN)
PI=NN > 5 Count(DT — p)




THE EM ALGORITHM

Intuition: Fill in hidden variables according to
P(y|x;,0)

EM 1s guaranteed to converge to a local maximum,
or saddle-point, of the likelihood function

In general, if

arg max z log P(x;,y; | 8)
i

has a simple analytic solution, then

argmax > > P(y | x;,0)log P(x;, | 0)
iy

also has a simple solution.



EXAMPLE: EM FOR HMM

We observe only word sequences X4, X5, ..., X;; (no
tags)

0 1s the vector of all transition parameters (include
1itial state distribution as a special case, ¢ — s

¢ 1s the vector of all emission parameters

Initialize parameters 68° and ¢



EXAMPLE: EM FOR HMM

Initialize parameters 68° and ¢° .
0, has nothing

to do with X;

: /

Count(0) = ) ) P(Y|X, 0", ¢"™") Count(X,,Y,0))
=1 Y

— 2 Z PY|X,0" !, ¢"1) Count(Y,0)
i=1 Y

n

Count(¢h,) = Z Z P(Y|X,0"", ") Count(X,, Y, ¢y)
1Y

=



EXAMPLE: EM FOR HMM

Count(6,)
Count(0')

P
0, = >
0'eM(8))

where M(0;,) 1s the set of all transitions (a — b, for all
b) that share the same previous state as the ktt
transition (a — c, for some c)

Count(¢,,)

2 yemgy COUHP)

where M'(¢;,) 1s the set of all emissions (a — x, for all
x) that share the same previous state as the ktt
emission (a — x', for some x’).

=



EFFICIENT EM?

Count(6) = ) Y P(Y|X,0"",¢'"") Count(Y,6,)
=1 Y

Count(¢,) = i Z PY|X,0 ', ¢ Count(X,, Y, ¢;)

=1 Y

How many possible Y’s are there? Assume your
own parameters before computing the answer.



EFFICIENT EM?

@ =@__.__.@ ........

}

E-step:
Count(Oyn_vep) = Z Z P(Y|X, 6,91 Count(Y,6,)
=1 Y
= 3 3| PG, = NN, ;1 = VBDIX, 0L, ¢')
i j=1

where m 1s the length of sequence X,.

Simﬂary, Count(¢NN—>cat) = Z Z P(yj = NN|Xi’ 01‘—1, ¢t_1)

i J:X; = cat



FORWARD-BACKWARD ALGORITHM

Define:
as(j) = P(xl, o Xj_,Yj =S | 0, d) (forward probability)
B.(j) = P(xj, ...,xm|yj =5,0,¢) (backward probability)
Observation likelihood:

Z=P(xy, ..., %0, ) = 2 a.(NB() Vj € L,..,m

S

Thus,

P(yj =s5|X,0,¢) = a(NB(J)

Z

as(j) 9s—>s’ ¢s—>xj ﬁs’ (.] + 1)
Z

P(y;= 5,541 =5'|X,0,¢) =



aAND 5

@ﬁ@@ ........

‘
ayn(2) Pyvep(3)
PGy, = 51X,6,) = as(J)Zﬂs(J)

a (.]) s—s’ ¢s—>xj ﬂs’ (.] + 1)

P = 5,341 = 5'1 X, 0,) = .

Now we can estimate:

Count(gs—m) = Z ZP()’] =5, y]+1 =S | 9’ ¢)

i j=1

Count(¢,_,,) = Z Z P(y; = 51X;,0,¢)

i jX;=o



DYNAMIC PROGRAMMING

aj) = P(yj = §,X[,-.. ,xj_l)

= EP(yj_1 =8, X1, -5 X_0) POG_1 1Yy

_Za UG=1 ¢g s 1 O s

=5) POy = sy =)




DYNAMIC PROGRAMMING

ay(j) = P(y; = 8, %1, .. ., X;_1)
= ZP(yJ_l = S’,xl, “ee ,.X:']'_z) P(‘x;]’—l |yj_1 = S,) P(y] =9 |yj_1 — S’)

s
= Z Ay (-] — 1) ¢s’—>xj_1 9s’—>s

Similarly,

B =, DBy G+ 1) O

Time complexity: 0(|S|? - m)



